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( )

( )

2

2

3
lim lim lim 3

3
lim lim lim 3

x x x

x x x

x
f x x

x

x
f x x

x

→+∞ →+∞ →+∞

→−∞ →−∞ →−∞

= = = +∞

= = = −∞
  

4(   

                            
( )

( )

2
1 1

1 1

lim lim 1
x x

x x
f x x

x x

x
f x

x→+∞ →+∞

+ −= − =
+ +

−= = −
  

5  (  

             ( ) ( )
( )( )1 1 1 1

2
1 1 1 1

1 1 1
lim lim lim lim

1 1 1 1 2
x x x x

x x x x

x x x x x
f x

x x x x>− >− >− >−
→− →− →− →−

+ +
= = = =

− + − −
  

             ( ) ( )
( )( )1 1 1 1

21 1 1 1

1 1 1
lim lim lim lim

1 1 1 1 2
x x x x

x x x x

x x x x x
f x

x x x x<− <− <− <−
→− →− →− →−

+ − + − −= = = =
− + − −

  

6                   (( ) ( )
2 2 2

1 1 1 1
1 .

x
f x x

x x x x

+= + = = +  

                                ( ) ( )
20 0

1
lim lim 1 .
x x

f x x
x→ →

= + = +∞  

7              (( )
( ) ( )

( )( )
( ) ( ) ( )( )

23 2

2 2

1 11 1

1 3 11 3 1 1 3 1

x x xx x x
f x

x xx x x x

− + +− + += = =
− −− − − −

  

                       ( )
2

1 1

1 1 3
lim lim

3 1 1 2x x

x x
f x

x x+ +→ →

+ += × = × +∞ = +∞
− −

  

                        ( )
2

1 1

1 1 3
lim lim

3 1 1 2x x

x x
f x

x x− −→ →

+ += × = × −∞ = −∞
− −
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)��	 أن            ) ( )
1 1

lim lim
x x

f x f x
+ −→ →

  I1 7*�@ �'	�� ��9ار  J�fن  ≠

8          (( ) ( )( )
( )0 0 0 0

1 1 1 11 1 1 1
lim lim lim lim

21 11 1x x x x

x xx
f x

x xx x→ → → →

+ − + ++ −= = = =
+ ++ +

  

  

  

 �
��   ��10#"! ا
  

1 (  

]3 ا��9	ل �� � [1,0−  :( ) 1E x = )إذن   − ) 1
f x

x

−=  

                    ( )
0 0
0 0

1
lim lim
x x

x x
f x

x< <
→ →

−= = +∞  

]��3 ا��9	ل  � [0,1  :( ) 0E x )إذن   = ) 0
0f x

x
= = 

        ( )
0 0
0 0

lim lim0 0
x x

x x
f x

> >
→ →

= =  

  I0 7*�@ �'	�� ��9ار  fإذن 

  

2 (  

                      
  

   : 	#���sin 0x x x= − ⇔ =  

fDإذن   ∗= ℝ  

2 3 4-1-2-3-4

2

3

-1

-2

-3

0 1

1

x

y
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                   ( )
sin sin1 1

sinsin
11

x xx
x xf x

xx
x

xx

 − − 
 = =
  ++ 
 

  

���] أن     
0

sin
lim 1
x

x

x→
)إذن     = )

0
lim 0
x

f x
→

=  

3       (( ) ( )
( )

tan 3

sin 2

x
f x

x
=  

            / /
2 6 3

f

k k
D k k

π π π   = − ∈ ∪ + ∈   
   

ℝ ℤ ℤ  

3��,0 ا��9	ل          0,
6 6

π π   −      
∪  :( ) 3 tan3 2

2 3 sin 2

x x
f x

x x
= × ×  

        : 	#���
0 0

tan3 tan
lim lim 1

3x X

x X

x X→ →
=   و    =

0 0

2
lim lim 1

sin 2 sinx X

x X

x X→ →
= =  

)إذن :         )
0

3
lim

2x
f x

→
=  

4 (( )
3

tan sinx x
f x

x

−=  

    /
2

fD k k
π π∗  = − + ∈ 
 

ℝ ℤ  

      ( )
3 2

tan cos tan tan 1 cos 1 1
1

2 2

x x x x x
f x

x x x

− − = = × = × = 
 

  

  

  

 �
��   ��11#"! ا
  

���1] أن ) 1 sin 1x− ≤ 1إذن   ≥ sin 1x− ≤ − ≤  

1إذن       sin 1x x x x− ≤ − ≤ +  

)إذن        )1x f x− ≤  

      : 	#���lim 1
x

x
→+∞

− = )إذن   ∞+ )lim
x

f x
→+∞

= +∞  

2 �&�� (x ∈ℝ  

�  	#���( ) ( ) 1E x x E x≤ < +  

)إذن              )1x E x− <  
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)إذن              )1x f x− <  

��lim	 أن              1
x

x
→+∞

− = )�Jن  ∞+ )lim
x

f x
→+∞

= +∞  

�  	#���( )E x x≤    أي( )f x x≤ 

��lim	 أن 
x

x
→−∞

= )�Jن   ∞− )lim
x

f x
→−∞

= −∞  

  

"#�� �
��   12! ا
  

1 : 	#��� (( ) 3
2 5 4f x x x= + −  

     : 	#���
fD = ℝ  وf  3�� ��4�!ℝ ( +�ود�� ��دا 	'�B )  

]����� ا��9	ل      ]1,1−  

     : 	#���( )1 11f − = )و  − )1 3f )إذن    = ) ( )1 0 1f f− ≤ ≤  

]!���4 ��3 ا��9	ل  fو ��	 أن      ]1,1−  @AB3 ا�� �K�� ��2�$��*�] ا�[ !��ھ#� اX+ H�J�[ ]1,1c ∈ −  L�,�

( ) 0f c =   

)��X#�" أن ا���	د��      ) 0f x =  �� C+ @AB7*�@ ��3 اℝ   

2 	#��� (( ) 1 sinf x x x= + −   

     : 	#���
fD = ℝ  وf  3�� ��4�!ℝ   

    : 	#���( )0 1f )و  = ) 1f π π= )إذن    − ) ( )0 0f fπ < <  

]!���4 ��3 ا��9	ل  fو ��	 أن     ]0,π  @AB3 ا�� �K�� ��2�$��*�] ا�[ !��ھ#� اX+ H�J�[ ]0,c π∈  L�,�

( ) 0f c =  

)إذن ��X#�" أن ا���	د��    ) 0f x =  �� C+ @AB7*�@ ��3 اℝ  

3 	#��� (( )
( )2

1 1
cos

21
f x x

x
= −

+
  

     : 	#���{ }1f
D = − −ℝ  وf  3�� ��4�!fD  

]����� ا��9	ل      ]0,2π   

     : 	#���( ) 1
0

2
f )و  = )

( )2

1 1
2

22 1
f π

π
= −

+
)إذن     ) ( )2 0 0f fπ < <  

]!���4 ��3 ا��9	ل  fو ��	 أن     ]0,2π �*�ھ#� ا��! ]X+ H�J� @AB3 ا�� �K�� ��2�$��ا [[ ]0,2c π∈  L�,�

( ) 0f c =  

)إذن ��X#�" أن ا���	د��     ) 0f x =  �� C+ @AB7*�@ ��3 اℝ  
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��   ��13#"! ا
  

       : 	#���( ) 4 4
f x x

x
= −  

         : 	#���
f

D ∗= ℝ  وf  3�� ��4�!∗
ℝ  

                                 

( ) 4

4

5 2

4

4
0

4 0

f x x x x
x

x x
x

x x

= ⇔ − =

⇔ − − =

⇔ − − =

  

         �����5 2
: 4g x x x− −֏   

      : 	#���( )1 4g = )و  − )2 24g )إذن      = ) ( )1 0 2g g≤ ≤  

]!���4 ��3 ا��9	ل  gو ��	 أن      ]1,2  @AB3 ا�� �K�� ��2�$��*�] ا�[ !��ھ#� اX+ H�J�[ ]1,2c ∈  L�,�

( ) 0g c =  

     : 	#���  

( )

( )

5 2

4

0 4 0

4

g c c c

c c
c

f c c

= ⇔ − − =

⇔ − =

⇔ =

  

   @AB3 ا�� �K�� إذن[ ]1,2c ∈  L�,�( )f c c=   

)إذن ا���	د��    )f x x=  ل	9��ا �� @AB3 ا�� C+ @�*7[ ]1,2  

     

  

 �
��  ��14#"! ا
  

  I!���4 ��3 !9	ل  �����f دا�� 

)���Qض أن  ) ( ) 0x I f x∃ ∈ ≤    و( ) ( ) 0x I f x∃ ∈ ≥    و( ) ( ) 0x I f x∀ ∈ ≠    

)�Jن  II 7#��م ����f  3	 أن  ) ( ) 0x I f x∃ ∈ <   و ( ) ( ) 0x I f x∃ ∈ >    

 �K�� إذن
1

x  و
2

x  �!I  : L�,�( )2
0f x )و  > )1

0f x >  

!� ا��ا_ أن 
1 2

x x≠  اS&و ھ( ) ( )2 1
0f x f x< <  

��	 أن  
1

x  و
2

x  �!I  ه	ي ط��S�ل ا	9��ن : اJ�
1

x  و
2

x  ��I  

 	#���f  3�� ��4�!I  إذنf  ه	ي ط��S�ل ا	9����4 ��3 ا�!
1

x  و
2

x  

 �K�� H#! وc  L�,� ل	9��ا اS3 ھ�إ ���#�( ) 0f c =  
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)إذن ا���	د��  ) 0f x C+ @�*7 ��3 اAB@ �� ا��9	ل ا�Sي ط��	ه  =
1

x  و
2

x  

  و ھSا !U	�8 �����2	ت 7I#��م ��f  3إذن 

 D�	E إذن إذاf  �� 7#��م II  : 	#��� نJ�( ) ( ) 0x I f x∀ ∈ >    أو( ) ( ) 0x I f x∀ ∈ <    

 

  

 �
��   ��15#"! ا
  

 �&��n  �! �4ا#�∗
ℕ   

)ا������ ��	 ��� :  x����-�� ا�,*�*�  �����g ا��ا�� ا���د��  ) ( ) ng x f x x= −  

]!���4 ��3 ا��9	ل  gا��ا��  ]��9�Eع دا���� !����4� ��3  0,1[ ]0,1  

)و ���#	  ) ( )0 0 0g f= )و    ≤ ) ( )1 1 1 0g f= − ≤  

)إذن  ) ( )0 1 0g g× ≤  �K�� ��2�$��*�] ا�[ !��ھ#� اX+ H#! وnα  �![ ]0,1  : L�,�( ) 0
n

g α أي    =

( ) n

n nf α α=  

  

 �
��  ��16#"! ا

  

]� ��3 ا����� �����g ا��ا��  ],a b   : ��� 	�� ( ) ( )g x f x x= −  

]��g ��4�!  3ا��ا��  � ],a b   3�� ����4�! ������9ع دا�E )[ ],a b ( 

]دا�� !���� !�  ��f	 أن  � ];a b  �,�[ ];a b  نJ� ( ) [ ];f a a b∈  و( ) [ ];f b a b∈  

 H#! و( )a f a≤  و( )f b b≤   أي( ) 0f a a− )و  ≤ ) 0f b b− )إذن  ≥ ) 0g a )و  ≤ ) 0g b ≤  

)و �	��	�� :  ) ( ) 0g a g b× ≤  

) إذن +X[ !��ھ#� ا�*�] ا��$���2  : ا���	د��  ) 0g x ]C+ @�*7 ��3 اAB@ �� ا��9	ل  = ];a b   

) و �	��	�� : ا���	د��  )f x x= *7 ل	9��ا �� @AB3 ا�� C+ @�[ ];a b . 
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